Consider the initial value problem utt = ∆u + |v| p , vtt = ∆v + |u| q , x ∈ R n , t > 0,
Introduction
This paper is concerned with the initial value problem for a nonlinear hyperbolic system as follows: (1.1)
Here 1 ≤ n ≤ 3, p, q > 0 and pq > 1, and the initial values are compactly supported. Such a system is a special case of a significant class of quasilinear second order hyperbolic systems with application in physics and applied science. For details, we refer the reader to [5] and the literature cited therein. In order to motivate the main results for system (1.1), we recall an old result for the initial value problem of a single equation u tt = ∆u + |u| p , x∈R n , t > 0,
Theorem 0. (a) For n = 1, if 1 < p < ∞, every nontrivial solution of (1.2) blows up in finite time.
(b) For n = 2, 3, there exists a critical exponent p 0 (n) such that if 1 < p ≤ p 0 (n) (1.2) has no nontrivial global solutions, while it admits nontrivial global small solutions if p > p 0 (n), where p 0 (2) = (3 + √ 17)/2 and p 0 (3) = 1 + √ 2.
Statement (a) was established by Glassey, Kato, and Sideris [3] , [7] , [12] . In statement (b) the subcritical case was proved by John when n = 3 [6] and by Glassey for n = 2, 3 [3] ; the critical case was proved by Schaeffer for n = 2, 3 [11] ; and the supercritical case was proved by Glassey when n = 2 [4] and by John for n = 3 [6] .
Such a result is the exact analogue of Fujita's theorem [2] for the problem of a nonlinear parabolic equation
with nonnegative initial data f . He showed that (i) if 1 < p < 1 + 2/n, then (1.3) possesses no global nonnegative solutions while (ii) if p > 1 + 2/n, both global and nonglobal nonnegative solutions exist. Weissler [14] proved that the critical value belongs to case (i).
Escobedo and Herrero [1] extended Fujita's result to the initial value problem for a weakly coupled system
They proved that if 1 < pq ≤ 1 + 2(max(p, q) + 1)/n then there exist no global nonnegative solutions of (1.4), but if pq > 1 + 2(max(p, q) + 1)/n then there are both global and nonglobal nonnegative solutions. Meanwhile, Levine [10] extended Fujita's result, in the Lipschitz case, to the system of the same equations as in (1.4) with R n replaced by a cone or by the exterior of a bounded domain.
From the above discussion, a natural question arises: Can one extend the result for problem (1.2) to system (1.1)? Some efforts were made in that direction. On the one hand, based on the method of invariant norms, Klainerman [8] established the global existence result for the solution of system (1.1) in R 3 with p = q = 3 and small initial data. On the other hand, via the concavity method, Levine [9] showed that for system (1.1) with p, q > 1 and sufficiently large initial data the solution blows up in finite time. In this paper, we also intend to give a generalization of the blow-up result in Theorem 0 to system (1.1). Specifically, we shall prove that there exists a bound B(n) (≤ ∞) such that if 1 < pq < B(n) all nontrivial solutions of (1.1) blow up in finite time. To achieve our objective, however, there are at least two technical difficulties to overcome. First, previous arguments used to prove Theorem 0 can only apply to convex nonlinearities such as |u| p for p > 1, whereas we shall also consider the concave case 0 < p < 1. Secondly, even for the case p, q > 1, if we follow the general ideas such as in [3] , [7] , [13] , we will obtain a pair of ordinary differential inequalities, which appear not amenable to analysis. Therefore in the sequel we shall employ a quite different approach, which strongly relies on the positivity of the fundamental solution of the wave equation, and thus we are restricted to dimensions 1 ≤ n ≤ 3.
Global nonexistence theorems
In this section we present the main results concerning the nonexistence of global solutions of system (1.1). For that purpose, we introduce the Riemann function R(t) for the wave equation. It is a positive operator in R n (1 ≤ n ≤ 3). From the integral representation formula, the classical solution (u, v) of (1.1) satisfies
where u 0 and v 0 are solutions of w tt = ∆w with the same initial data as u and v, respectively.
In what follows, we only need (u, v) to be a weak solution of (1.1) in the sense that on a time interval
, and u, v satisfy the integral equations (2.1a)-(2.1b). Since our main interest lies in the global nonexistence results, we shall not specify conditions on the initial data. Instead we impose several assumptions on (u, v) and (u 0 , v 0 ). For definiteness, we may assume p ≤ q throughout this section.
wherec k and c k are positive constants with c k ≡ R n k(x)dx.
Remark 1. The conditions in (H) are fairly reasonable, since for the classical solution of w tt = ∆w with compactly supported initial data w(x, 0) = f and w t (x, 0)
We first establish the following two results. Lemma 1. Let ψ be a nonnegative solution of the integral equation
where c 1 and c 2 are positive constants. If α ≥ γ ≥ 0, β ≥ 0, 0 < σ < 4, and µ > 1, then ψ(t) can only exist on [0, T 0 ) for some T 0 < ∞.
Proof. Assume to the contrary that ψ(t) exists globally on [0, ∞). Then for any positive number T (T ≥ 2d), we find
d<t<T,
(2.6) Combining (2.4) and (2.6) then yields
which upon integration from d to t, leads to
with c = [24c 3 /(µ + 1)] 1/2 . From now on, without causing any confusion, we may use c to denote various positive constants. By means of (2.5) we further obtain
The above inequality implies that for T /2 ≤ t < T (2.9)
Integration of this relation over (T /2, T ) then leads to
(2.10)
Since c = c(β, σ, µ) and δ = δ(d, α, γ), if T is sufficiently large, (2.10) yields a contradiction, which means that ψ(t) cannot exist globally.
Lemma 2. For the integral equation
, then there exist no global nonnegative solutions.
Proof. We will derive a contradiction by assuming that ψ(t) is a global solution.
Proceeding essentially the same as in the proof of Lemma 1 with every δ replaced by c 1 2 −γ T −(γ−α) , we finally obtain
which is impossible for T large enough.
We then need the following three estimates.
Lemma 3. Assume the hypothesis (ii) in (H). If 0 < p < 1, then there exist two positive constantsc 1 andc 2 such that the weak solution component u of (1.1) satisfies
Proof. For simplicity we let µ = pq. We first estimate v(t) p p . By (2.1b) and the inequality
Applying the inverse Hölder inequality then yields
We next estimate u(t) 1 . By (2.1a) and (2.15), we find that
where B (2, 1 + p) and B(2, 2) are the Beta function. Thus we obtain the estimate (2.14) .
Remark 2. It should be pointed out that the validity of (2.15) is based on the formula: For any continuous function ζ(·, t) ∈ L µ (R n )
which holds only for 1 ≤ n ≤ 3 due to the representation form of R. Therefore the argument used herein appears not readily to extend to higher dimensions.
Lemma 4.
Assume the hypotheses (i) and (iii) in (H). If 1 ≤ p ≤ q, then there exist two positive constantsĉ 1 andĉ 2 such that the weak solution component v of
for n = 1, 2.
Proof. Since u is compactly supported, by Hölder's inequality we get
for n = 1, 2. By (2.1a) and (2.17) we then find
(2.18)
Upon application of Jensen's inequality, there follows
which completes the derivation of (2.16).
Lemma 5. Assume the hypotheses (i) and (iii) in (H). If p > 2 when n = 2 and p > 1 when n = 3, then there exists a positive constant c 0 such that the weak solution component u of (1.1) satisfies
Proof. Arguing in a similar manner as that in the proof of Lemma 1 of [3] , one can show
Thus we find that
We are now in a position to present the main results. Proof. Consider two cases. For simplicity we let µ = pq.
(2.21)
Thus u(t) µ ≥ ψ(t), the nonnegative solution of (2.2) with α = 2+p, γ = (µ−1)/µ, and σ = (3µ − 2pµ − 1)/µ. Lemma 1 then implies that u, and hence the solution of (1.1) cannot exist globally.
Since v is also compactly supported, by Hölder's inequality we get Proof. Let µ = pq. We consider two cases.
, in view of (2.14) we have
(2.24)
Thus by Lemma 1, problem (1.1) has no global solutions. (2.25) If 1/q ≥ 2(p − 1)/µ, i.e., p ≤ 2, since (4µ − 2p − 2)/µ < 4, there is no any upper
